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Abstract. We construct quantized versions of generic bases in quantum cluster algebras 
of finite and affine types. Under the specialization of q and coefficients to I, these bases 
are generic bases of finite and affine cluster algebras. 

1. Introduction 

Cluster algebras were introduced by Fomin and Zelevinsky in order to give a combina- 
torial framework for understanding total positivity in algebraic groups and dual canonical 
bases in quantum groups [21]. Cluster algebras relate closely to algebraic representation 
theory via two links. One is by cluster categories ([Ij) and the Caldero-Chapoton map ([3]). 
The other is by stable module categories over preprojective algebras ([22]) and evaluation 
forms ([23]). 

Let Q = (QojQi) be a finite quiver without oriented cycles where Qo = {1;2, • • • ,n} 
is the set of vertices and Qi is the set of arrows. The (coefficient-free) cluster algebra 
A{Q) is the subalgebra of Q(xi, • • • x„) with a set of generators (called cluster variables). 
The cluster category Cq is the orbit category of V^iQ) by the functor to [—1] (see [1]). 
In [3j, the authors introduced a map X? from the set of objects in Cq to Z[ 
called the Caldero-Chapoton map. There is a bijection between the set of isoclasses of 
indecomposable rigid objects (i.e., without nontrivial self-extensions) in Cq and the set of 
cluster variables in A{Q) (see Theorem 4]). Hence, the cluster algebra A{Q) can be 
viewed as the subalgebra of '^[x^, ■ ■ ■ x^] generated by Xm of indecomposable rigid objects 
M. 

Quite differently, Ceiss, Leclerc and Schroer ([22]) considered the preprojective algebra 
A = Aq of Q and the category nil(A) of finite dimensional nilpotent A-modules. They 
([23j) attached to certain preinjective representations M of Q a Frobenius subcategory Cm 
of nil(A). If M = / © t(/) for the sum of indecomposable injective representations of Q, 
then the stable category C^ is triangle equivalent to the cluster category Cq. Let A{Cm) 
and A{Cm) be the cluster algebra associated to Cm and Cm, respectively. 

Let Ad be the affine variety of nilpotent A-modules with dimension vector d = {di)i(zQ^^. 
In [231 Section 1.2], the authors defined the evaluation form 5m for M G A^. Define 
(M) = {A'^ S Ad I 5m = Let Z be an irreducible component of Ad. Then M is 

a generic point in Z if (M) n Z contains a dense open subset of Z. The involving dual 
semicanonical basis is just the set of 5m by taking a generic point M for each irreducible 
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component Z. Geiss, Leclerc and Schroer ([23], [M]) proved that A(C\i) is spanned by a 
subset of the dual semicanonical basis and then speciahzes a basis of A{Cu)- 

Analogously, Dupont (p3]) introduced generic variables for Ai^Q). Let be the affine 
variety of representations of Q with dimension vector d. For M G E^, define (M) = \N G 
lEd I = -^Af}- We say M is generic if (M) contains a (dense) open subset of Ej and 
then Xd := Xjy^ is called the generic variable for d G N". The definition can be naturally 
extended to d G Z". Set Q{Q) = {Xd | d G Z"}. Dupont conjectured the set G{Q) is the 
Z-basis of A{Q) and confirmed it for type A. Recently, the conjecture has been completely 
proved in [25] (see also [1] for finite type, [TI] for affine type). Therefore, the set G{Q) is 
called the generic basis of A{Q). In particular, for an affine quiver Q, one obtain 

G{Q) = {Xm I M is rigid or M = nEs ® R with regular rigid R and regular simple Es}. 

Compared with (dual) canonical basis, one would like to define the quantized version 
of (dual) semicanonical basis for quantum groups. The aim of the present note is to 
construct the quantized version of generic bases for quantum cluster algebras of finite and 
affine types. Quantum cluster algebras were introduced by A. Berenstein and A. Zelevinsky 
[2] as a noncommutative analogue of cluster algebras [H] [15] to study canonical bases. A 
quantum cluster algebra is generated by a set of generators called the quantum duster 
variables inside an ambient skew-field J-. Under the specialization, the quantum cluster 
algebras are exactly cluster algebras which were introduced by S. Fomin and A. Zelevinsky 

mm- 

Let q he a, formal variable and Aq{Q) be the quantum cluster algebra for Q (see Section 
2 for more details). Recently, a quantum analog X? (we use the same notation as above 
without causing confusion) of the Caldero-Chapoton map has been defined in [28] and 
refined in |20j . In |20j . the author further showed that quantum cluster variables could be 
expressed as images of indecomposable rigid objects under the quantum Caldero-Chapoton 
map for acyclic equally valued quivers. 

The note is organized as follows. In Section 2, we recall the definition of quantum cluster 
algebras and the quantum Caldero-Chapoton map. Section 3 is contributed to prove two 
multiplication formulas for acyclic quantum cluster algebras. The first formula (Theorem 
13. 3p is a quantum version of the formula Xm<sn = XmXn in cluster algebras. It is also a 
quantization of the degenerated form of Green's formula (See [10| Section 5]). We will apply 
this formula to show that the image of regular simple modules (over homogeneous tubes 
with minimal imaginary root 6 as dimension vector) under the quantum Caldero-Chapoton 
map belong to quantum cluster algebras over Q of affine type in Section 5. The second 
formula (Theorem 13.51 and 13. Sp generalizes the quantum cluster multiplication formula in 
|20j to non-rigid objects. The generalization is essential for this note. We apply this formula 
to characterizing the regular modules over non-homogeneous tubes with dimension vector 
6 (Lemma 15. 2p . In Section 4, we construct the quantum generic basis of a quantum cluster 
algebra of finite type. By the specialization of q and coefficients to 1, the basis is no more 
than the good basis of a finite-type cluster algebra in [1]. The main results of this note are 
shown in Section 5 and 6. We give a basis of an affine- type quantum cluster algebras over 
Q in Section 5. By the specialization of q and coefficients to 1, the basis is just the generic 
basis of an affine- type cluster algebra in [11] and [13]. In Section 6, we prove a formula 
for quantum cluster algebras of type A and D. The formula characterizes the difference 
of regular modules of dimension vector 5 in a homogeneous tube and a non-homogeneous 
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tube. It is the quantum version of the difference property in [TT] and [13j . It helps us to 
refine the basis in Section 5 to integral bases. 

2. The quantum Caldero-Chapoton map 

2.1. Quantum cluster algebras. The main reference for quantum cluster algebras is [2]. 
Here, we also recommend [20, Section2] as a nice reference. Let L be a lattice of rank 
m and A : L x L ^ Z a skew-symmetric bilinear form. Let g be a formal variable and 
consider the ring of integer Laurent polynomials Z[g^^/^]. Define the based quantum torus 
associated to the pair {L,A) to be the Z[(7^"^/^]-algebra T with a distinguished 
basis {X^ : e G L} and the multiplication given by 

X'^Xf = gA(e,/)/2^e+/_ 

It is easy to see that T is associative and the basis elements satisfy the following relations: 

X^X^ = q^^^^f^X^X^, X^ = 1, {X^y^ = X~\ 

It is known that T is an Ore domain, i.e., is contained in its skew-field of fractions J-. The 
quantum cluster algebra will be defined as a Zfq'^^/^J-subalgebra of F. 
A toric frame in is a map M : Z™' — )• J-" \ {0} of the form 

M(c) = (^(a:''('=)) 

where </? is an automorphism of F and r/ : Z™ ^ L is an isomorphism of lattices. By the 
definition, the elements M(c) form a Z[(7^-'^/^]-basis of the based quantum torus 7m := '^{T) 
and satisfy the following relations: 

M(c)M(d) = gAA/(c,d)/2^j(j, ^ M(c)M(d) = g^«(^''*)M(d)M(c), 

M(0) = 1, M{c)-^ = M(-c), 

where Km is the skew-symmetric bilinear form on Z"^ obtained from the lattice isomorphism 
r]. Let Km also denote the skew-symmetric mxm matrix defined by \ij = AM{ei,ej) where 
{ei, . . . jCm} is the standard basis of Z™. Given a toric frame M, let Xi = M(ei). Then 
we have 

Tm = Z[g±i/2](X±\ . . . : X^Xj = q^^^XjXi). 

An easy computation shows that 

M(c) = q^ ^-<J ''^^j^j^xl^X^^ ■ ■ ■ X^ =: X"" (c € Z"^). 

Let A be an m X m skew-symmetric matrix and let i3 be an m x n matrix for some 
positive integer n < m. We call the pair (A, i?) compatible if B^K = {D\0) is an n x m 
matrix with D = diag{di, • • • , dn) where dj € N for 1 < i < n. The pair (M, B) is called a 
quantum seed if the pair {Km,B) is compatible. Define the mxm matrix E = (cij) by 

6ij if j ^ k; 

— 1 if i = j = k; 

max{0, —bik) if i ^ j = k. 
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For n,k eZ,k>0, denote [^]^ = ^'"'^Tg^'^^gZf^^^^^ Let c = (ci,...,c™) G Z™ 
with Cfc > 0. Define the toric frame M' : — > J-" \ {0} as fohows: 

M(Ec + pb^), M'(-c) = M'(c)-^ 

where the vector b'^ G is the A:— th column of B. Then the quantum seed {M',B') is 
defined to be the mutation of (M, B) in direction k. In general, two quantum seeds (M, B) 
and (M', i?') are mutation-equivalent if they can be obtained from each other by a sequence 
of mutations, denoted by (M, ~ {M',B'). Let C = {M'{ei) \ {M,B) ~ {M',B'),i = 
1, • • • n}. The elements of C are called quantum cluster variables. Let V = {M(ej) : i = 
n + 1, • • • ,m]} and the elements of V are called coefficients. Given {M',B') ~ {M,B) 
and c = (cj) € Z*", a element M'(c) is called a quantum cluster monomial if Cj > for 

i = 1, • • • , n and for i = n + 1, • • • , m. We denote by P the multiplicative group by q^ and 
P. Write ZP as the ring of Laurent polynomials in the elements of V with coefficients in 
^[gr±i/2j _ "Write QP as the ring of Laurent polynomials in the elements of V with coefficients 
in Q[g^-'^/^]. The quantum cluster algebra Aq{AM, B) is the ZP-subalgebra of F generated 
by C. We associate (M, B) a Z-linear bar-involution on Tm defined by 

g^'/2M(c) = q-''l'^M{c), (r G Z, c G Z"). 

It is easy to show that XY = Y X for all X, y G Aq{AM,B) and that each element of 
C U 7^ is bar-invariant. 

Now assume that there exists a finite field k satisfying \k\ = q. In the same way, we can 
define based quantum torus T\k\ and specialized quantum cluster algebras A\i;\{Am,B) by 
substituting Z[|/c|^2] for Z[g^2] in the above definition. By pi Corollary 5.2], Aq{AM,B) 
and A\k\{AM,B) are subalgebras of T and T\k\, respectively. There is a specialization 
map ev : T ^ T\k\ by mapping to \k\'^ , which induces a bijection between quantum 
monomials oi Aq{AM,B) and A\k\{AM,B) ([20l Section 2.2]). 

2.2. The quantum Caldero-Chapoton map. Let be a finite field with cardinality 
I A; I = q and m > n be two positive integers and Q an acyclic quiver with vertex set 
{!,..., m} [203 • Denote the subset {n + 1, . . . , m} by C. The elements in C are called the 
frozen vertices , and Q is called an ice quiver. The full subquiver Q on the vertices 1, . . . , n 
is called the principal part of Q. 

Let be the mx n matrix associated to the ice quiver Q, i.e., its entry in position {i,j) 

is 

bij = Harrows i — > j}\ — |{arrowsj — i}| 

for 1 < i < m, 1 < j < n. And let I be the left m x n matrix of the identity matrix of 
size m X m. Further assume that there exists some antisymmetric m x m integer matrix 
A such that 

(2.2) A{-B) = T:= 

where In is the identity matrix of size n x n. Thus, the matrix B is of full rank. 



(2.1) 



M'(c) = ^ 
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Let R and E^^ be the m x n matrix with its entry in position is 

rij = dimfeExt],~(5i,5'j) 

and 

?*j = dimkExtl~{Sj,Si) 
for 1 < i < m, 1 < j < n, respectively. Note that 

dimfcExtJ~(5„5,) = |{ arrows j — > i}\. 

Denote the principal parts of the matrices B and R hy B and R respectively. Note that 
B = R''^ — R and B = i?*** — R where R*^ represents the transposition of the matrix R. In 
general, the matrix B is not of full rank so that there exists no matrix A compatible with 
B. Hence, one need add some frozen vertices to Q and then obtain an acyclic quiver Q 
with a compatible pair {B,A). 

Let Cg be the cluster category of kQ, i.e., the orbit category of the derived category 
T>^{Q) by the functor F = t o[—l\ where r = Tg is the Auslander-Reiten translation and 
[1] is the translation functor. We note that the indecomposable objects of the cluster cate- 
gory Cq are either the indecomposable /cQ- modules or Pi[l\ for indecomposable projective 
modules Pj(l < i < m). Each object M in Cq can be uniquely decomposed in the following 
way: 

M^Mo®Pm[1] 

where Mq is a /cQ-module and Pm is a projective kQ-module. Let Pm = ®i<i<m^i^i- 
We extend the definition of the dimension vector dim on modules in modkQ to objects in 
Cg by setting 

dimM = dim Mn - (mj)i<j<m. 
The Euler form on /cQ-modules M and is given by 

{M,N) = dimfcHom^g(M, A^) - dimfcExtJ~(M, A^). 

Note that the Euler form only depends on the dimension vectors of M and A^. As in |18j . 
we define 

[M,N] = dimkBom f^g{M,N) and [M,N]^ = dimfcExtJ,~(M, A^). 

The quantum Caldero-Chapoton map of an acyclic quiver Q has been studied in [28] 
and [20]. Here, we reformulate their definitions to the following map 

: objCg T 

defined by the following rule: If M is a kQ-module and P is a projective kQ-module, then 

vQ A/fl«-^(e,m-e) V-Be-(7-_R)m+dimP/radP 

e 

where dimM = m and GrgM denotes the set of all submodules V of M with dimy = e. 
Usually, we omit the upper index Q in the notation (except Section 4 and Section 5). 
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It should not cause any confusion. We note that 

\r V \rdimP/radP x^dimsoc/ \r \r 

for any projective feQ-module P and injective fcQ-niodule / with sod = P/radP. Here- 
inafter, we denote by the corresponding underhned small letter x the dimension vector of 
a A;Q-module X and view x as a column vector in Z". 

3. Multiplication theorems for acyclic quantum cluster algebras 

Throughout this section, assume that Q is an acyclic quiver and Q is its full subquiver. 
In this section, we will prove a multiplication theorem for any acyclic quantum cluster 
algebra. First, we improve Lemma 5.2.1 and Corollary 5.2.2 in [20j, i.e., here we handle 
the dimension vector of any kQ-module while in |2U] the author only deals with dimension 
vectors of rigid modules. 

Lemma 3.1. For any dimension vector m,e,f € Z>q, we have 

(1) A{{I - R)m,Be) = -{e,m); 

(2) A(Pe,P/) = (e,/)-(/,e). 

Proof. By definition, we have 

A{{I-R)m, Be) 

= m^' (7 - RfABe = -m*^' (7 - P)**^ 

= -m*"^ (/„ - R^e = -e*'^ (I„ - R)m 
= — (e , m) . 

As for (2), the left side of the desired equation is equal to 



e^^'B^'ABf = -e*''P*'' 

The right side is 



/ = -e*''P*7. 



(e,/)-(/,e) 
= e''-{In-R)l-t{In-R)e 

= e^'CP*" - R)l = -e''{R - R''')f_ = -e*^'^*"/. 
Thus we prove the lemma. □ 
Corollary 3.2. For any dimension vector m, I, e, f G Z>q, we have 

A{Be - (7 - R)m, Bl-{I- R)l) 
= A((7- R)m, (7- R)l_) + (e, /) - (/, e) - (e, /) + (/,m). 
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For any A;Q— modules M, A^, E, denote by ef/^y the cardinality of the set Ext^Q(M, N)e 
which is the subset of Ext^Q(M, A^) consisting of those equivalence classes of short exact 
sequences with middle term isomorphic to M ([18' Section 4]). For fcQ-modules M, A and 
B, we denote by the number of submodules U of M such that U is isomorphic to B 
and M/U is isomorphic to A. Then by definition, we have 

|Gre(M)| = Yl ^AB- 
A,B: dim B=e 

Different from the case in cluster categories, for /cQ-modules, it does not generally hold that 
Xi^Xm = Xfyf^M- We have the following explicit characterization, which is a generalization 
of [201 Proposition 5.3.2]. 

Theorem 3.3. Let M and N he kQ-modules. Then 



Q 



Proof. We apply Green's formula in [16) 

E^E r,E _ Sr^ JM,N]-[A,C]-IB,D]~(A,D) j^M j^N 
^MN^XY - 2^ . J L . J L . J \ > 'rAB^CD^AC^BD- 

E A,B,C,D 



Then 



Since 



Thus 



E 

E efmg^'^^'^^^^F^yXh-^^-"^^^ 

E,X,Y 

^[M,NMA,C]-lB,Dy{AD)-l{B+D,A+C) Fj^jF^^^c^D^^^"^^"^^-- 

A,B,C,D,X,Y 

^By-(T-R)e 

_ g-lHBd-{T-R)n,Bb-{I-R)m)j^Bd-{T-R)nj^m 

= g-hMiI-R)!l,{I-R)rn)-^[{D,B)-{B,D)-(D,M) + (B,N)]j^Bd^ 

= q- |^((?--^)2i,(?--R)m) (-D.A) - 1 (B,C) Sd- {I-R)n-^Bb-{I~R)m 

^MN^E 

E 

g^Ai{I-R)rn,(T-R)n) ^ g[M,N]~lA,C]-[B,D]-{A,D)~^(B+D,A+C) + [A,C]^ + [B,D]^ . 
A,B,C,D 

g^{D,A)-^{B,C) pM^pN^j^Bd-{I-R)nj^Bb-^^ 
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Here we use the following fact 

2_^^AC—1 » / ,^BD — Q 

X Y 

Note that 



Hence 



[M, N] - [A, C] - [B, D] - {A, D) + [A, + [B, D]' = [M, N]^ + {B,C). 

E 

^ q^A({T-R)rn,{I-R)n)^[M,N]^ ^ ^(S,C>-|(B,C)-i(D,A>+i(D,A>-i(i3,C7) . 

A,B,C,D 

This completes the proof. □ 

Remark 3.4. Theorem [331 is similar to the multiplication formula in dual Hall algebras. It 
is reasonable to conjecture that it provides some PBW-type basis ([H]) in the corresponding 
quantum cluster algebra. 

Let M, N be A;Q— modules and assume that 

dimfcExt J ~(M,iV) = dimfcHom^Q(A^, rM) = 1. 

Then there are two "canonical" exact sequences 

e: — >N — >E — >M — ^0 

e' : — > Dq — > N — > tM — >tA®I — ^ 
which induces the /c-bases of Ext|^^(M, N) and Hom^g(A^, tM), respectively. We fix them. 

Set M = M' © Po)^o = A(B Pq where Pq is a projective fcQ-module, A and M' have no 
projective summands. The exact sequences also provide the two non-split triangles in Cgi 

N — > E — >M — > N[l] = tN 

and 

M — ^ L>o e ^0 e /[-I] — >N — >tM. 
Now we state the first part of our multiplication theorem for acyclic quantum cluster 
algebras, which can be viewed as a quantum analogue of the one-dimensional Caldero- 
Keller multiplication theorem in [5]. The main idea in the proof comes from |18] . 

Theorem 3.5. With the above notation, assume thatY{ora.^Q{DQ,TAQ®I) = Homj^g(Ao; - 
0. Then the following formula holds 

XnXm = qh^^(^-^)^'^^'^)^)XE+q^''^^''-''^^^^^^^^ 
Here, we note that 

; XnXm = XnXm- 
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Proof. By definition, we have 
XnXm 

C,D A,B 
= ^ jrM^jr^^q~^{D,C)~^{B,A) + lA{Bd-{I~R)n,Bb-{I-R)rn^ 

A,B,C,D 

= ^ pM^p^^q-^{B+D,A+C) ^{B,C) ^^A{iT-R)n,{T-R)m) j^Bi^^ 
A,B,C,D 

We set 

si:= y ^Xe= y fSiV^i -i(F,x>^%-(7-i?)e 
^-^ q — 1 ^ 9 — 1 

As in the proof of Theorem 13.31 we have 

X,Y,E 

A,B,C,D,X,Y 

A,B,C,D 
On the other hand 

A,B,C,D 

Thus 

„[A/,Af]i JB,CY , 
^ ^ g(B.C)-^(i?+D.A+C)j,M^j,jV^^Y^(fe+d)-(/-R)(m+n)_ 

A,B,C,D 1~ ^ 

Thirdly we compute the term 

\}iom^^{N,TM)D,Ai\ 

S2 :- 2^ —-^ ^Ao®Doe/[-i]- 

A,Do,I,Do^N 



Here, we use the following notation as in [18] 

Hom,Q(7V, tM)doAI := {/ / : iV ^ rM|ker/ ^ L)o, coker/ ^ r A I}. 
Note that dim/jHom^^ (A^, rM) = 1, we have the following exact sequences 

— > Bo — > M — >Ao — ^0 
O^C — >tBo ^ I ^0 

where C = im/, ker/ = Dq. 
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S2 



Hom^^(7V,rM)|-l 



= E 

X,Y,K, 

= E 

A,B,C,D 



q-1 

|Hom^Q(iV,rM)|-l 



q-1 
q[C,TB] _ I 



Here, Y = D,K = A, B = Bo + L in the above expression and the equality can be 
illustrated by the following diagram: 




tM — »- tAo e / ■ 



-^0 



We must to check the relation between 



and 



--{Y + L,K + X) + [L,X] 



--{B + D,A + C) + {B,C). 



In this case, note that D = Y,L = Aq - A,K = A,[L,X]^ = [X, tL] = 0. We have 



-{Y + L,K + X) + [L,X] 



--{Y + L,K + X) + {L,X) 

-^{D + Ao-A,A + Do-D) + {A- Ao,Dq - D) 
^{D,A) - l{D,Do) + hD,D) - 1(^0,^) + ^(^o, A) 



2^ ' ' 2' ' ' 2' ' ' 2 
-hAo,D) + hA,A)-hA,Do) + l{A,D). 



And 



{B + D,A + C) + {B,C) 



= --{M - A + D,A + N - D) + {M - A,N - D) 
= - 1 (M, ^) - i (M, D) + ^ {A, A) - i {A, TV) + 1 {A, D) 
-\{D,A) - \{D,N) + \{D,D) + \{M,N). 
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Hence it is equivalent to compare 

-\{D,Do) - \{Ao,A) + \{Ao,Do) - \{Ao,D) - \{A,Do) 

and 

-1{D,N)-^ (M, A) + ^ {M, AT) - i (M, D) - ^ {A, N) . 

We claim that 

{D, N) + (M, D) = {D, Do) + {Ao,D) 

and 

(^0,^) + {A, Do) = {M,A) + {A,N). 

Indeed, we have 

{D, N -Do) = {D, tM - tAo - I) 

= {D,tM -tAo) = {Ao- M,D). 

In the same way, we also have 

{A,N-Do) = {Ao-M,A). 

Thus 

S2 = q^iAo,Do)-^{M,N) 1^^'^ - ^ ^(B,C)-UB+DA+C)pM^pN^^^B(b+d)-(I-R)(m+n)_ 

A,B,C,D 1 ~^ 

Therefore we have the following multiplication formula 

□ 

There are three canonical special cases satisfying the assumption Hom^Q(L'o, tA © /) = 
Hom^g(Ao,/) = in Theorem 13.51 

Special case I. Assume that Ao = = I. Then L = K = = A. U B ^ M, i.e, B '^M, 
then there exists /i : — > tM induced by the above diagram which is not surjective. It is 
a contradiction to the assumption dimfcHom^Q(A^, tM) = 1. In this case, the multiplication 
formula is 

XmXm = qh^^^^-^)rL,(l-R)rn)XE + q\m-R)nAl-R)rn)H{M,N) x^^^ 

Special case II. Assume that = and Hom^Q(Ao, /) = 0. Then Y = X = Q,C = N. 
In this case, the multiplication formula is 

XmXm = q-2^((7-^^^M^)XE + g5A((^~-^)«.(?-^)-)+|(A^.^)x^^g3,[_,j. 

Special case III. Assume that M, N are indecomposable rigid A;Q-mod and 

dimfcExt^^ (M, A^) = 1. 

Since Do®Ao®I[—l] is rigid, then the assumption Hom^Q(Z)o) tAqI) = Hom^Q(Ao, /) = 
in Theorem 13.51 holds. 



Lemma 3.6. With the assumption in Special case III, we have UAo,Do) - UM,N) = i. 
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Proof. Note that we have 

^{Ao,Do) - ^{M,N) = ^{Ao,N-N/Do) - ^{M,N). 

We need to confirm the two equations 

(1) {M,N) = {Ao,N) - 1 and 

(2) {Ao,N/Do) = 0. 

Note that ® is rigid, thus [Aq, A^]^ = 0. We have the fohowing exact sequences 

— > N/Dq — >tM — yrAoel — ^ 

— > Do — > N — > N/Do — > 
Applying the functor Hom^g(A^, — ), we have the following exact sequences 

[N, N/Do]^ [N, tM]^ [N, T^o e ^ 
[N,N]^ [N,N/Do]^ ^0. 

Hence 

{M,N) = [M,N]-1 = [Ao,N] - 1 = {Ao,N) - 1. 
As for the second equation, apply the functor YLoui^q^Aq, — ) to the exact sequence 

— > Do — >N — > N/Do — > 
We have the following exact sequence 

[Ao,N]^ [Ao,N/Do]^ ^0 
Thus [Aq, N/Do]^ = 0. Applying the functor Hom^g(TM, — ) to the exact sequence 

— > N/Do — >tM — >tAo®I — ^ 
We have the following exact sequence 

[rM, tM]^ [tM, tAo e I]^ ^ 

Thus we have 

[M,Ao]^ = [Ao,tM]=0. 
Again applying the functor Hom^Q(ylo, — ), we have the exact sequence 

^ [^0, N/Do] [Ao, tM] = 
Hence [^o,A^/^o] = 0. □ 

By Lemma [3. 61 we obtain the following multiplication theorem between quantum cluster 
variables in l20l. 



Corollary 3.7. Let M and N be indecomposable rigid kQ -modules anc? dim^Ext^^ (M, A^) 
1. Let 

N — > E — > M — > N[l] = tN 

and 

M — yDo^Ao® /[-I] — >N — > tM 
be two non-split triangles in as above. Then we have 



XnXm = qh^^^l-R)^'^^-R)^)XE + qhMil-R)n,{l-R)!n)-hx 



Do®Aq®I[-1]- 
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Now let M be a kQ-module and P be a projective /cQ-module with [P, M] = [M, I] = 
1, where / = iy{P), here u = DHom^Q(— , A;Q) is the Nakayama functor. It is well- 
known that / is an injective module with sod = P/radP. Fix two nonzero morphisms 
/ G Hom^Q (P,M) and g € Hom^g(M, I). The two morphisms induce the following exact 
sequences 

^ P' > P — ^ M > A > 



and 



B ^ M / ^ /' 



These correspond to two non-split triangles in Cq 

M — >E' — > P[l] — > M[l] 

and 

/[-I] — >E — ^ M — >I, 

respectively, where E B ® and E' A® P'[l]. 

Now we state the second part of our multiplication theorem for acyclic quantum cluster 
algebras. 

Theorem 3.8. With the above notations, assume that [B, I'] = [P', A] = 0. Then we have 
XrpXM = qh^^^PI'-'"^^-^^-^^^^ Xe + q\^^^P/'"^P-(^-^^^)-hxE'. 

Proof. 

XtpXm 

G,H 

^ ^ ^-UH,G) pM^^^K{diraPlrsidP3h-{J-R)m) -s^Bh-jJ-m 
G,H 

= qlMdimP/ra.dP,-(I-R)m) q-^(H,G) ^-^\PM] pM^ j^Bh-(I-R)m+diraP/r:adP 

G,H 



Here we use the following fact 

AfdimP/radP Bh) = (dimP/radP)*''AP^ = -(dimP/radP)*^ 

Note that by assumption [P, M] = 1, we have that [P, H] = Q or 1. 
We firstly compute the term 



h = -[P,H] 



14 



MING DING AND FAN XU 



We have the following diagram 



^ B ^ M / ^ /' ^ 



X 







and a short exact sequence 

— >ime — >I — ^ /' — >Q. 
As we assume that [B,!'] = 0, thus [H,I'] = 0. Then 

{Y, X) - {H, G) = {H, X) - {H, G) = {H,X-G) = {H, B - M) = -{H, imO). 
Applying the functor [H, —] to the above short exact sequence, we have 
— > [H,ime] — > [H,I] [H,I'] [H,im0]^ 
Note that [H, I] = [H, I'] = 0, thus {H, im6') = 0. Hence 

Xj^= q-\{H,G) pM^x^h-{I-R)m+^P/rBdP _ 

G,H,[P,H]=0 

Now compute the term 

Xe' = X^eP'[i] = J2 V(?-^)a+dimP'AadP'_ 

X,Y 

We have the following diagram 






G^=X 
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Applying the functor [P' , —] to the following short exact sequence 

— >Y — > A — >G — ^0. 

we have 

[P', Y] [P', A] [P', G]^0 
As we assume that [P', A] = 0, thus [P' , G] = 0. Then {P' , G) = 0. Hence we have 

(y, X) - {H, G) = {Y, G) - {H, G) = {Y- H, G) = {A - M, G) 
= {P' - P,G) = {P',G) = 0. 

Therefore 

T^/ _ g-\{H,G) pM vBh-{I~R)m+dimP hsAP 

G,H,[P,H]=1 

This completes the proof. □ 

Note that if M is indecomposable rigid object in Cg and [P, Af] = [M, /] = 1, then both 
E = B ® /'[-I] and E' = A ® P'[l\ are rigid. Thus the assumptions Hom^^(5,/') = 
Hom^g(P',j4) = in Theorem 13.81 naturallv hold. The quantum cluster multiplication 
theorem in [20j deals with this special case. 

4. Generic bases in specialized quantum cluster algebras of finite type 

Let /c be a finite field with cardinality = g and m > n be two positive integers and Q 
an acyclic quiver with vertex set {1, ... , m}. The full subquiver Q on the vertices {1, . . . , n} 
is the principal part of Q. Let A\k\{Q) be the corresponding specialized quantum cluster 

algebra of Q with coefficients. Then the main theorem in pO] shows that A\k\{Q) is the 
ZP-subalgebra of J- generated by 

{Xm\M is indecomposable rigid /cQ-modjU 

{X-rPi-, 1 < i < n\Pi is indecomposable projective fcQ-mod}. 

Let i be a sink or a source in Q. We define the reflected quiver ai{Q) by reversing all the 
arrows ending at i. An admissible sequence of sinks (resp. sotircesj is a sequence (zi, i;) 
such that ii is a sink (resp. source) in Q and i^ is a sink (resp source) in cTjj._j • • • (Ji^{Q) 
for any k = 2, . . . ,1. A quiver Q' is called reflection- equivalent to Q if there exists an 
admissible sequence of sinks or sources {ii,. . . ,ii) such that Q' = (7^ ■ ■ ■ ai-^{Q). A quiver 
Q' is called reachable from Q if Q' = ■ ■ ■ CTi^{Q) where 1 < ii, • • • ,ii < n. Note that 
mutations can be viewed as generalizations of reflections, i.e, if z is a sink or a source in 
a quiver Q, then fJ.i{Q) = cri{Q) where /Uj denotes the mutation in the direction i. Thus 
if Q' is reachable from Q, there is a natural canonical isomorphism between A^k\{Q) 
•^\k\iQ')j denoted by 

<^i:A\k\{Q)^A\k\{Q'). 
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Let : mod((5) — > mod(Q') be the standard BGP-reflection functor and Rf : 
Cq — > Cq, be the extended BGP-reflection functor defined by [30] : 

X ^ if X 9^ 5i is a A;Q-module, 

S^ ^ Pi[l], 
Pj[l] ^ Pj[l], ifj^i, 
P^[l] ^ Si. 

By Rupel [28], the following holds: 

Theorem 4.1. [Ml Theorem 2.4, Lemma 5.6] For any X^j G A\k\{Q), we have ^i{x2^) = 

Definition 4.2 ([4]). Let Q be an acyclic quiver with associated matrix B. Q will be 
called graded if there exists a linear form e on such that e{Bai) < for any 1 < i < n 
where still denotes the i-th. vector of the canonical basis of Z". 

If Q is a graded quiver, then it is proved in [4] that we can endow the cluster algebra of 
Q with a grading. Namely, the results are the following: 

For any Laurent polynomial P in the variables Xi, the supp{P) of P is defined as the 
set of points A = (Aj, 1 < i < n) of Z" such that the A-component, that is, the coefficient 
of rii<j<„ X^"- in P is nonzero. For any A in Z", let Cx be the convex cone with vertex A 
and edge vectors generated by the Bai for any 1 < i < n. Then we have the following two 
propositions as the quantum versions of Proposition 5 and Proposition 7 in [3] respectively. 

Proposition 4.3. Let Q be a graded acyclic quiver with no multiple arrows and M = 
Mo©Pm[1] with Mq is kQ-module and Pm projective kQ-module. Then, supp{Xj^,jg(^pj^^^i]^) 
is in C\j^j with Xm '■= ( — (ai. dim Mn) + ( dim PM ,«,;)) i <»:<« • Moreover, the XM-component 
o/ X^fQ^P^^[i] is some nonzero monomials in {\k\^2^X^^^,--- ,X^^}. 

Proposition 4.4. Let Q be a graded acyclic quiver with no multiple arrows. For any 
m G Z, set 

F™ = j ZP n <M n^|fc,(Q), 

\t{u)<in l<i<n j 

then the set {Fm)m& defines a Z-filtration of A^k\{Q) . 

For any d G Z", define d"*" = {df)i<ci<n such that df = dj if > and df = if di < 
for any 1 < i < n. Dually, we set d~ = — d. The following proposition 14.51 can be viewed 
as the categorification of [2, Theorem 7.3]. 

Proposition 4.5. Let Q be an acyclic quiver. Then the set {JlILi -^s"- '^'p [i] I (^i' ' ' ' ' ^ 
Z"} is aZF-basis of A\k\{Q). 

Proof. For any 1 < i < n, it is easy to check that the following set is a cluster 

{^tPi , XtP,.i , Xsi , XrP^^-^ , • • • , XrP„ } 

obtained by the mutation in direction i of the cluster 

{XtPi , ^rPi.i , XrPi , XrP^^-^ , ' • • , XrP„}. 
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Then the proposition immediately follows from [21 Theorem 7.3] and [20^ Theorem 5.4.3]. 

□ 

The main result is the following theorem showing the ZP-basis in a specialized quantum 
cluster algebra of finite type. The basis is the good basis in a cluster algebra of finite 
type in by specializing q and coefficients to 1 and the existence of Hall polynomials for 
representation-finite algebras [27] . 

Theorem 4.6. Let Q he a simple-laced Dynkin quiver with Qq = {1,2, ••• ,n} and Q 
reachable from Q' for any graded quiver Q' . Then the set B{Q) := {Xm\M = Mq © 
Pa/[1] with Mq is kQ-module, Pm « direct sum of projective kQ-modules Pi{l < i < 
n), M rigid object in Cq} is a T^F-basis of A\k\{Q)- 

Proof. Assume that cTi^ ■ ■ ■ cfi^{Q') = Q{1 < ii, ■ ■ ■ ,ii < n) . For any X^j G B{Q') with 

p\f — 

dimension vector dimM = m = (mi, • • • ,m„) E Z", we know that Xj^.j € •A.\^{Q'). Then 
by Proposition 14.51 we have 

where I = {if — l^)i^Q^, bm and 6/^ G ZP. As Q' is a graded quiver, then by Proposition 14.31 
Proposition 1331 it follows that bm must be some nonzero monomial in {g^2 ^ X^^-^^, • • • , X^^} 
Therefore, B{Q') is a ZP-basis of A\k\{Q'). There is a natural isomorphism: ■ 
•^\k\iQ') ~^ By Theorem 14.11 we obtain that 

$,...ci>,(xf;) = xf,...^ 

Hence, B{Q) is a ZP-basis of A\k\{Q)- 

□ 

By the existence of Hall polynomials for representation- finite algebras |27j , we have the 
following corollary. 

Corollary 4.7. With the above notation, the set B{Q) is a ZF-basis of Aq{Q). 

5. Generic bases in specialized quantum cluster algebras of affine type 

Throughout this section, we assume that Q is a tame quiver with trivial valuation. A 
tame quiver is an acyclic quiver whose underlying diagram in an extended Dynkin diagram. 
We recall some facts about representation theory of tame quivers (for example, refer to 
[12] [8] [26] for more details). Let A: be a finite field with \k\ = q. The category rep{kQ) 
of finite-dimensional representations can be identified with the category of mod-kQ of 
finite-dimensional modules over the path algebra kQ. For any /cQ-representation M and 
i € Qo, we denote by (M)j the /c-space at i. It is well-known that indecomposable kQ- 
module contains (up to isomorphism) three families (by the Auslander-Reiten quiver): the 
component of indecomposable regular modules Tl{Q), the component of the preprojective 
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modules 'P{Q) and the component of the preinjective modules T{Q). If P G V{Q)., I G 1{Q) 
and R G 7^(Q), then 

HomfeQ (i?,P) ~ HomfeQ(7,P) ~ HomfeQ(/,P) = 0, 

and 

Extl,Q(P, R) ^ ExtiQ(i?, /) ^ Exti,Q(P, /) = 0. 

If M and N are two regular indecomposable modules in different tubes, then 

HomjkQ(M, iV) = and Ext^Q(M, A^) = 0. 

The Auslander-Reiten quiver of TZ{Q) consists of tubes. An indecomposable regular 
module R is regular simple if it contains no nontrivial regular submodule, and call it 
homogeneous if tqR = R. Any regular module at the bottom of a tube is regular simple 
module. If it is homogeneous, then the tube is a homogeneous tube, otherwise, called a non- 
homogeneous tube. For a regular module R, its degree is the index [End^g (R) : k] . There 
are at most t <S non-homogeneous tubes for Q. We denote these non-homogeneous tubes 

(i) (i) 

by 71, • • • Let Tj be the rank of % and the regular simple modules in 7i be , • • • Er/ 
such that tqE^^ = e[^\ • • • , tqE^^ = E^f for i = 1, • • • ,t. If we restrict the discussion to 
one tube, we will omit the index i for convenience. There are q + 1 — t homogeneous tubes 
which regular simples at the bottoms are of degree 1. Given a regular simple module E in 
a tube, E[i] is the indecomposable regular module with quasi-socle E and quasi-length i 
for any i G N. The minimal imaginary root of Q is denoted hy S = (<5j)jeQ(r Note that the 
regular simple module of degree 1 at the bottom in a homogeneous tube is of dimension 
vector S. We now prove that the quantum Caldero-Chapoton map does not depend on the 
modules in the homogeneous tube with dimension vector S. 

Lemma 5.1. Let A and X' be in k such that E{X) and E{X') are two regular simple modules 
of dimension vector S. Then -X^£;(a) = ^E{X')- 

Proof. We only need to prove |Gre(-E'(A))| = |Gre(-E'(A'))|. Let e be a vertex in Qq such 
that = 1. If e is a sink and Q is a quiver with the underlying graph not of type A^, then 
there is unique edge a G Qi such that t{a) = e. It is easy to check 5g^^-^ = 2. Let Pg be the 
simple projective module corresponding e and I be the indecomposable preinjective module 
of dimension vector 5 — dimPg. Then dimfeExt^Q(/, Pe) = 2. Given any e G Ext^Q(7, Pg), 
we have a short exact sequence whose equivalence class is £ 

£ : > Pe ^ E, > / > 

where {Ee)i = (Pe)i © for any i G Qo, {E^)p = (/)/? for ^ 7^ a and (M,)^ is 

where m{e, a) G Homfc((/)s(Q,), (Pe)e)- Any regular simple fcQ-module E of dimension vec- 
tor 6 satisfies that E^ is as follows 

( 1 A) 

= e ^ ^ iE)e = k 
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where A S A;* \ {1}. Let P be an indecomposable projective module such that P C M(A) 
and dp^e = 0. Then P is also a submodule of E{X') and dp^s(^a) = 0- Let P be an 
indecomposable projective module such that P C E{\) and dp^^ = 1. Assume that Pa 

is k k , then there exists P' G Gre{E{\')) such that P' ^ P and P^ is A; k ■ 
Since r£'(A) = E{X), we know r~*P and t~^P' are the submodules of E{X) and -E'(A') for 
any i £ N, respectively. Hence, any preprojective submodule X of E{X) corresponds to 
a preprojective submodule X' of E{X') such that X = X' . Let Q be of type An- Then 
there are two adjacent edge a and f3. Any regular simple module E of dimension vector 6 
satisfies that Eq, is as follows: 

k — k ^— — k 

for some X £ k*. The discussion is similar as above. If e is a source, the discussion is also 
similar. Therefore, there is a homeomorphism between Gre_{E{X)) and Gre{E{X')) for any 
dimension vector e. □ 

Now let Q be a graded tame quiver and Ei,---Er be regular simple modules in a 
nonhomogeneous tube with rank r such that tqE2 = Ei,--- ,tqEi = E^. Let Q be a 
quiver obtained from Q by adding frozen vertices {n + 1, • • • , 2n} and arrows n + i — > i 
for any 1 < i < n. Then we have the following result. 

Lemma 5.2. 

XE,lr-l]^Ei^i - — XEilr]+q^ — ^ X E^[r-2]®Il-l] 

where I is an injective kQ-module associated to frozen vertices. 
Proof. We have the following exact sequences 

E,[r - 1] ^ Ei[r] Ei^i 
Ei[r - 2] ^ E,[r - 1] ^ TqE,_i -^1^0. 
Hence the proof follows from Theorem 13.51 □ 
Define the set 

D(Q) = {d£ \ 3 a regular rigid module R and a regular simple module E 

with dimension vector 5 such that dim ((J?®"' (BR) = d}. 

Set E(Q) = {d£ Z^o I = Mo@Pm[1] with Mq is kQ-module, Pm projective /cQ-module, 
M rigid object in Cg with dim M = d}. By the main theorem in [TT], we have that Z'^" is 
the disjoint union of D(Q) and E((5). We make an assignment, i.e., a map 

: Z«o ^ obj(CQ) 

and set 

^(f>(d) '■= {XeTXr 

if dGD(Q) and |Qo| > 2; 

^4>{d) ■= ^5 

for some 5 in a homogeneous tube of degree 1 if d G D(<5) and Q is the Kronecker quiver; 

^4>{d) '■= 
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if d G E((5). It is clear that the above assignment is not unique. For simphcity and no 
confusions, we omit in the notation X^i^^y 

Theorem 5.3. Let k be a finite field with \k\ = q ^ 2. Let Q be a tame quiver with 
Qq = {1,2, • • • ,n} and Q reachable from Q' for any graded quiver Q' . Then the set 

B{Q) :={Xd|dGZ«n 

is a QF-basis of A\k\{Q) ®zp ' 



Proof. Assume that e is a sink in Q' and Pe projective /cQ-module associated to e. Let / be 
an indecomposable preinjective /cQ-module with dimension vector 6 — dim Pp. By Lemma 
5.11 and Theorem 13.31 we have 



i=l 

and 

XjXp^ = q-hMiT-Ry!.MDxp^^j. 

It follows that 

q^AiiT-mi-R)P^}+2Xp^Xj-q-2^((^-^^^^^ = (q+l-t)sfp^XE+j2 ^S'^^^i^ih] 

1=1 

where, by definition, efp^ = efp^^ = q — 1. By Lemma[521 X^-^^in] is in A\k\iQ') 'S>zfQ^ for 
I < i < t, thus Xe is in A\p;\{Q') (8>zp QF. It follows that for any m = (mi, • • • , nin) € Z", 
Xm S B{Q'). Then by Proposition 14.51 we have 

where bm,bi € ZP. As Q' is a graded quiver, then by Proposition 14. 3| Proposition 14.41 

it follows that bm must be some nonzero monomial in {q^2 ^ X^^-^^, ■ ■ ■ ,Xi^^}. Therefore, 

B{Q') is a QP-basis of A\k\{Q') (^zfQ^- By TheoremSH we obtain that B{Q) is a QP-basis 

of ^|fc|(Q)0zpQP. □ 

By [6l Proposition 5], the quiver Grassmannians Gre(M) of a /cQ-module M are some 
polynomials in Z[g]. Then by specializing g and coefficients to 1, the bases in Theorem 15.31 
induces the integral bases in afhne cluster algebras (tll][l3]). In the same way, we have 
the following corollary. 

Corollary 5.4. With the above notation, the set B{Q) is a <Q¥-basis of Aq{Q) 0z 
5.1. An example. Let Q be the tame quiver of type ^4^^^ as follows 



It is well known that the regular indecomposable modules decomposes into a direct 
sum of homogeneous tubes indexed by the projective line P^(A;). We denote the regular 
indecomposable modules in the homogeneous tube for p £ F^{k) of degree 1 by Rp{n) 
where n € N and dim/2p(n) = (n, n). 
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We consider the following ice quiver Q with frozen vertices 3 and 4: 



R 



/O 0\ 

2 


Vo oy 



( 2\ 

-2 

1 

V 1/ 



Thus we have 

(I 0\ 

1 



An easy calculation shows that the following antisymmetric 4x4 integer matrix 

/ -1 \ 

-1 

10 0-2 

\ 1 2 / 



A 



satisfying 

(5.1) A(-5) = I:= 

where I2 is the identity matrix of size 2x2. Then we have the following result. 
Lemma 5.5. Let Rp{l) be the indecomposable regular module of degree 1 as above. Then 



X 



^Si — Q 2 Xi . 



Proof. By definition, we have 



X 



^ j^(l -1,1,1) _^ ;^(-l,l,0,0) _^ j^(-l, -1,1,0)^ 



Hence the lemma follows from a direct calculation. 



□ 



By Lemma |3.H the expression of X^^^^) is independent of the choice of p S of degree 
1. Hence, we set 

Remark 5.6. (1) By Lemma 15.51 we know that Xg belongs to ^|fc|(Q). 

(2) By the following Theorem 15.31 ^{Q) is a ZP— basis in the quantum cluster algebra 
A\k\{Q)- Moreover, if specializing q and coefficients to 1, B{Q) is exactly the generic 
basis in the sense of |T3|. 



1 
V -1 

^2 ) ' '^^^^ have A{—B) = ^ q 2 

the category of i^TQ-representations for a field K with \K\ = q^. In this way, we obtain a 
quantum cluster algebra of Kronecker type without coefficients. The multiplication and the 



Note that there is an alternative choice of {A,B), i.e., Q = Q and set A 
and B = { ^ ) . Then we have A{—B)={ ^ ^ ) . Hence, one should consider 
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bar-invariant bases in this algebra have been thoroughly studied in p]. Moreover, under 
the specialization q = 1, the bases in |9| induce the canonical basis, semicanonical basis 
and generic basis of the cluster algebra of the Kronecker quiver in the sense of |29j , [7] and 
[13], respectively. 



6. Remark on the difference property of affine quantum cluster algebras 

In this section, we prove that bases in Theorem 15.31 are ZP-bases for quantum cluster 
algebras of type A and D. This refines Theorem 15.31 



6.1. The case in type Ar^s- Let Q be a quiver of type Ar^s as follows. 

2 > ^ r 



r + s 



■r + 2 



There are two non- homogeneous tubes (denoted by To, Too) in the set of indecomposable 
regular modules. The minimal imaginary root oi Q is 6 = (1, 1, • • • ,1). Let E{X) be the 
regular simple module in the homogeneous tube for A G of degree 1. The regular simple 
modules in To are 



k 



E^^^ = Sr+t+i for 1 < t < s - 1, E, 



(0) . 



The regular module £'^''^[s] has the form as follows 

k ^ ^k. 



k. 



By we have 



\GrJ,Ef\s])\ = \Gr,_{E{m + \Gr,_-^SrUEr\^ " 2])| W 

The follow lemma can be viewed as the difference property of quantum cluster algebra of 
A 



(0)r 



Proposition 6.1. 



.(0)r 
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Proof. By the above equation (★), we have 

V 

= ^B(A) +9^^^(o)[,_2]• 
Here we use the facts that 

{'d, [g - 2] - ll) = {V - Sr+2 , 6 -V- TQ Sr+2 ) 

= - {v, TQ Sr+2 ) - { Sr+2 , 5) + { Sr+2 , TQ Sr+2 ) + (fr+2 , v) 

= - (fr+2, S) + {Sr+2, TQ Sr+2 ) + 2( 5^+2 , 2^) 

= -0- 1 + 2 

And 

Bv! -{I- ^) ef [5-2] 
= - 5^+2 ) - (7- -R)((5 - Sr+2 - TQ Sr+2 ) 

= Bv-{I-R)6~BSr+2 + {I-R){Sr+2 + TQSr+2) 

= Bv- (I- R)S - - R)Sr+2 + {I- R){Sr+2 + TQSr+2) 

= Bv - {I- R)5 + (7- R''')Sr+2 + {I-R)TQSr+2 

= Bv-{I-R)5. 

□ 

6.2. The case in type Dr- Let Q be a tame quiver of type Dr for r > 4 as follows 



r - 1 ' ^4 > 3 

r + l'"^ ^^2 

There are three non-homogeneous tubes (denoted by To, 71, 7^). The minimal imaginary 
root of Q is (5 = (1, 1, 2, • • • , 2, 1, 1). Let E{\) be the regular simple module in the homo- 
geneous tube for A G of degree 1. The regular simple modules in 71 are 

e[^^ = St+2 for 1 < t < r - 3, =: k ^ k 

k k 
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By [H], we have 

\Gr,{E^^\r - 2])\ = \Gr,{E{\))\ + \Gr,_A^rr,s^{E'i\r - 
Similar to Lemma 16.1^ we have 
Proposition 6.2. 

As a direct corollary of Proposition 16.11 and 16.21 we obtain the following refinement of 
Theorem 15.31 

Corollary 6.3. Let Q be reachable from Q' for any graded quiver Q' of type A and D. 
Then the set 

B{Q) := 

is aZF-basis ofA^^liQ)- 

Now assume that Q is a tame quiver. Let be a regular simple module in a nonhomo- 
geneous tube with rank n and E{X) the regular simple module in the homogeneous tube 
for A G of degree 1. We conjecture that: 

Conjecture 6.4. With the above notations, we have 

1 

^E[n] = Xe{\) + <l''^(r-^E)[n-2y 
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